


( :I. :i- ) k - A,X (.:;I I x ( L C  -i :& u. (t) , 
1 c i  > 0 

.C) 

s i n .  Si.ar.-t.jr:z; j?yi:.om a gjve,] jnji;j:?:L fullction q, ;,.J~ t j r : , ~  zj 

p0s.i-blon or cquil-lbr'luin pos:i.i;io-t.i Is j.n - h i s  case the ze?:o fui>i : i ;c i , l  

11 
on [ -u" ,O]  ( f  8 )  Foll.o~,?il-i~ T-1a:l.e [6] 5f x: [a-cr 9 b] -+l;.~ 

8.~~6 1; c [a,b], -';hen wc 11se x f'or .the function on [-- o,O] 2.c.- 
t 

fined by x,- ( 9 )  := x(-i;-I-s), -o < 8 < 0 .  :Cn this noJ~ation t h e  .bou~~d.:::r.:y .- . "- 
conC1:i:L:i.o~~ for. the a1;ove problcj-{I. a re  x = q>> % = 0. Oui. pi;.y?:);,- 

a D 

the cla s s:i ca.1. I.iiii Lbod. of I;a~-rs;~ge mul.i;i.pL?'.el-sr i1-i a ijanach e;pzcc:r: ' 2-,'1,:~ 



/ - on a, sui-ia?;le: cl.ass of ai;rr~<:-:sSi)l.e ;;a51.s (~_,u.) satisfyinf; 1.:) 

a n  ( 1 . )  (1::f' one trsl?-i;s -Lo 'bx-,-i.ng c; I:in?a-i.. ~jrs-Le:~l. of 'ill(? f i i - i 2 . , ~ l  ( l . . : l i  \ 

to equi.l.5b:ri u~r? b:h crl t.hz:rc arc; I.a,gs ?.E tj?c: ~oi!'t3:0ls, the;? t:.~:jn o;~:~-.i ;;i,i.: 

L 
prclbltim in Sob0l.e~ space (cf. [9]) a r a t h e r  coi;l.pl.:>t,e s~l.;i'i,ic;l 

2 

i;heoj*cl;rs for. L I ~ I  optj.1-i~s!. c o ~ i ~ j - n l  a r c  ,-ils<j cs-kaij: ' i  >. . shed ,  L 



r-l l A. l l f - - [ , ~  3:t-c ~ ~ ~ j f i  ;I . ~ C ! ~ : ~ ~ : I ~ ~ I ~ ) I ~ . C  :; cj11 Y F C C ~ . ~ ,  d.<:-\~ C- I.\ 0.; , I : ~ { '  i l  LJ ? !'c, r ,  

. 7 2  Coj.i-k,l.~:\- ~ > ~ ~ ~ h l ~ ~ ! j : ~ ~  <.12-L~~]~\]~ . . l ly ;  : ? l . ] . ! > ~ ~ - ~ , : i . ~ > i ~ ~ ; ! . . \ .  (1.,l:rf?Tej1'~5.a.]. C?~L?~ :~~! ,< .OI~~S  1 i l 1  

[ 2 , 3i0;.:c.vi:r5 lee Ii:::i:c n o t  :!'ol~.iiG ally I.:i.i;e~.r.-i:~v~r'c C I ~  ' i j P ~  

opi:'in,:i.zo-i.i yi:.c!b:ic~i i~;~oi~o:-i.d ;-ili:,-\~:' :::i-'ch esc..ei~t:i.ou! o:r [ 1 1  :/ : ' r ,d  

. - 

[ 131 ! L . ~  / !~1/.] ~gii":i.cl~.:r~'(: cl>T:?:~.:~. ! C ~ S C  o:i:' t h e  ~ ; ! ~ o - J c  

7'hcl:c ':-*he : i , : l r ; ~ - a ~ j ~ c  0- rnal-l:ipl:i.cj-. ;.~;..o?~?cn~ war, forrnul.a,"i,ed In -Lhc 1; LJ,: ? <  

(; of co~?'i,-i.n~;c)us :runt: t j .n l l s  -~:j 1,l:i '1.ii~; noi-n.i of 1jni:forj:ri conycr  gent;. . 
In -ti.iaZ; :t'o~m-ii~~a'~,:i~ori conii5.'i:ion:; fo-i a regu.i.av J,agr.angc ~ -wl t f~pI . : i c~  

p:r c?i? l on c o IJ 4 n o-i, 1, c obt  a<. iic.6 , fl 311 (.: L k! e 1-c s :; forj,~ia.l c ~.:Lc i1.1:;:~ j~ c).,) :; 

- - ].erj .?,o 3 -vs.l3.d suff:i.cii:n-L ~ i 3 i l d . i ' ~ , i ~ n ,  .l.n 1121 JCen:i; obta.:;.ncd :r~:'::lj-l;:' 

fol- a g e n ~ r a l .  cl.ass of' pr~?i.'!~:~i:s ( ? .TI~IC;! .V~!~G ncu:tnral_ f'usicJi;:i o1-1a1 (1.; :i' 

h i  l ' l ~ ? i . ~  is in ';I21 tk.c exp2ici.t hypotl~esih tha4; f ' u l~c t , jo~ j  

i l l  ( 1. 2) be c.on%S nu.ous:i.y di:C':F'el~cil-tj.a,bl e and ot ,her  t h a n  the  Z C ~ T L ~  

fu.nc'cioii, Hos.rt:-veq th5.s cc!~~ciit:i.oil can e a a i  ly be 7.eU.e-teci by u 

riuxibcr o f  cievices, ICeni diS! :lo-t o?~-ta:i.~l cond:j.tions f o r  t h e  Y.CC:L- 

La~,i-tjr (or norma 1 i '~y)  o:C' 1i:i.s 1): o'bl.cm as t:e are a7jle - to  d o  (ci ' ,  

NcusJc,ad'i:s ?.:or!: :i~; [18], j1.31) diC.L'ers ~sa'usi;aii'ii.a:LI.y from the il'o:.c 

c2 . t . s~  %c:tl. one >fij.-i.c;? \:c: give , 1.'1 I(- a g).:~roi;c;l we have i;ad1<en in0 ri c:~-i.c;: 

A ,<  - 
. c 0 .  S F  $1'. jS 2 iii-rbcr nttr.irciii~e c110j.c~ of L,li: 

2 

.s'l.sie s p c i .  for o-UT-~ co;z+;~ol pro??l.cw, 



-1 6.71 Y K . ~ ~ .  use t h e  s-o?2sc:ri;~-k. no-ba;i-,? on of D:i eud.onnc 7 s tc>;';; [ r j ,  nC; . .. 

The  Re.nach spaces yrlsj.c:h n:rc u.scd S.n t h i s  pqc : r  c?:u.i3 

ac  i.ua:l-ly- rea:l. 1-IiSberi; sp:.iccs . 7.f R 5s  a real. x:i.:l.bej:'t spec s.:e 

us?  (x, y) TOT ';he seal-ar pro(3.uct of x and. y E 1;. I!? a,] ::c, -L,s::: 

f o r  Zny noxJms i;!?a-t c0n.c in-1-0 1;iie dtscu:ssion i.nc.l_-ildl'.r?g -Lb:- rli,~-3, 

t h e  norm i s  be-inp; a.ppll.j.ed: and there ~ b ! - i l . l .  'oe no need. f o r  d.i.i.-tj~:-l:;i! j~,;, 

J 

Eucl.i.deaii spazc of p d<mccisio-cs, p = 1,2,. . . . Vec$or.;; x 1: 

t r 5 . l . i  'be w:rjtteii a,s c o i u r c ~ ~  vec-toys. Itc use ',o d.cnolc. 'cl~t: 

joinl, OP a given l . 9 1 1 e c t i  opera-lo),. 'jlii-u.s i n  -line ease of' a :!?s.i.,~.'-,: 

4,iiC driioiea t h e  t r i l i i ~ ; ~ ~ ~ ~ C i  ni:il-,i:3x. 

In .  a.l.:L s%-i;vntj.on: b-i?.c:rc thc. motion 0.i" measu?.nbi:!l-1-y 37:-. 

-ie:rvenes Lebesg.~.,c measure i , c  u71:1..-:~ F:-tood. ' [ w , 5 ]  j.s z. CO::~~I,I: ! 



>lo-i.7 1:e d.:isc-il.s t h e  ass~li~lp-i;~.ons t h a t  will. bc needed i'w: -ill? 

func-L;.OQS :F arid 1, whici? w?re for -~r i s l l .~  ini;ro&i.cej j.rl cqua-i;$.r:r, 

n n. M n 
( I . )  a d  ( )  The  function.^ f: It: ?:E >:R X R  ~ $ ' - - ? j . ;  ~i175. 

n m L: I! X R X R - R a r e  assumed to bc continuous.  Gene?.-ic pai ~-,-Ls j r l  

n 
R X i: X K~~ X I? X kn ( ~ ~ ~ i p i c - ~ ~ . v ; : l - ~ v  7 R X xn X hm) are d-cnutr!r:. i,, 

, r r ,  r ) ( r c s p e c t i v e l g i ~  (t,, pI, p2) ) For each fixed. 1- 

f unc.ir-ic;ll~ f and. L a re  'cakcn -Lo Lc con-'; j.nuc?usly d j.:rferen-i;:l.:-,l~j] (: 

1.1 in the rerr.ini.n( ar:gwrt~n-ls. Let X 5 ~'-([a-u, h], R ), 0. > 0 ?.ci 2 

. . a6i.a:) 5s-t.ble cclntro2.s and s;: :.:i?-l. con:;id.er ?J t o  be :i.dcnJtii:i':i.cci :ill . . .-.. ,..-*.- ..- ,.-.. . - " ..--,.. 2 

,,F' . r , J ~ -  i 1 ( a ,  t] , J, ) , nie pi-cblc~ri ve propose LC, s (-1) T,.I :- 



r 
bihe:rz GI X , -5 K i s  C c n i ; : i . r ! l t  dj.f:Perentia,?>h can a l s o  be l-lai,5.:i.cd 

0 

essen-Lial.1-y by repea,'cing the a.:cgau~:n-Ls f o r  our sol.u.tion t o  (I)) ,, 

Prol~l..em (F') represevl'cs t?le rno~i;  ciiflrjcoj.t ca.se s i n c e  it, j.s 11el.i: ij?:!i; 

tb? j.c:gu.v.la.:i:'lJ~y cond.i:l;j.ons -i.~S.ll.-L b e  rrios.t d.iff:i.cu:li -Lo s s t i s f y .  At z; y 

rcl,,i;e j.r! t h i s  paper only  probl-ail (I?) w:i:ll. b c  trea.teddl, 1-t shouldi, a/.: o 

be TO..-rtiont?d -i;hs-L there a r e  i;.nv.:'.on~ dc'vS.ces fi? -ihe c l r s ; , : ;  ca,l. t:!!: o:r:y 

o l  cn:Lcui.us o-i' var iai ; ions f o r  -i;~eo.-i-,.i.rig add?-t i . c ~ ? a l  cons-t,ru.:i.nJ~s 0;-! 

- .  cor,iio:s u E U, e . g . ,  lu5i < .i, I :I 1-,2 , . . ,  m i$~12eic u - 
-.-- 

1.. n-, 3 
(1.  , , J . ~n :ins.t;a..~~ce o:? t ~ ; i s  i:: i~_lus-L:r:i;'se i n  t h e  e;;;iii~p:i c.5 

-i;h-, e- li6 of i;iie pa,pe:r (c:F. , also Ke:na.:ck F j .  2) , 

Altho~~gI-! itre st-ill d.o i?o.L 'r_:;:?i-2 c~l-~ougtl ass~~;nj?-i;ions 011. i h c  i',ir!s. 

4. .' 
"1 013s f' i17d. 1; f OY' US .LC) s c:.;. 11.11 .i,:i~ Lag;-an:;? ~nu'I.~.:i.plj e:r pro?,? i .;: 

'c.?n.:i.c11 P ~ T ~  1 1 3 : ~ v  i n  mind. ,  inorl.~i~i-?~cl.cs:;, l e t  u.s " d:~fine" :foni?ail;y iJ!: 



i' l . j f . j ! . j j f :  ] ( j ,si:!.ly 

g.ro1:ik.h col?c?S--i;:i.oils a r e  going -Lo kia,ve t o  be iaq>osefi oil f i.n t]~,: 

a?- ii;i ITZC I? i; s r j  znd r4. loi:eovel:, we vi.1-l need 29' t o  be col;., 

t i n u o u s l y  Fzecbe': di:Cfcrel?.i;i:b:l.c:. Yak.ing 'i-n'co account -ih.r. nou;:,:: ol? 

X and. TJ one sees  t h a t  ra;i;her s-Lr5ngent growth res-trici;5.ons r ~ i l  :S 

are requ:i.u.eci. What Ire ac'bxza1.1y need a r e  hypotlieses f o r  I, I f' 

-L!lat assvye : 

J: x x u -> R 1 Q 3 x v - -  x a.re both siel-l 

de f ined  aid con t  :i.ni.lousl y d?.f .i'e~ezl-i;ia,l):I el: . 

n ,,-,.I !!'i~.e h.ypo-Lhese::  re n~alie are:  ihere cxj st fu;lci; ions M: R x h< J., 

n 
-> 13: nl-1 R X R - R ~:1?5.ch a r c  boundcci on bouiided se-t:,s si;.ch t l l a i  

(a)  [ l i ' ( t , r l , r2 , r , , r ,  J '1.' - f ( t  7 r 1 . 7  2' C , q , ) I I  3 5 

( L  7 7- -. 1~~ I -I. I/?:1 -~i,ll 
-) .I I. 



e D. I (respectively a i~ , )  dono-kc; the par - t i e l  dc;riv&~i.~;a r fLh  
I 

4 

res2eci to the arg~ni~eni;  r (rer;pec-t:i-rtily p . )  w i . t h  -';he c~r..r~?spo!;ci.. 
i 1- 

W i t ? ?  these ~ssx1:ri7,%5nn.c: jl, can Se shown the-;; (2,ii.) i s  ,.::<,.is- 

-- ..- 
Pi.&. Moreover., if (xi~~.) E X x I!> i;ki";l the I'recbe-i; d-i:ffei.x~.~-i-i;j::.:. n:C 



I . )  - 1  s - cr < -i; < Fk 
%,. ... " 

/ ii. a < i < b ,  - .. - 

.-. 
~,~her.e C. f (s) 5.s def5.ner;l b?; 

2. 

L 
--,* 

I .  ( )  = i 2 3r.e trc3z. ..-1-cd a:: ci^;?.;l!nn v;_.etors . 
1. 



Min ~:JII.! ./,c ( I  I .  3 (y ,I!) 01-i - ~ ? ) c  j - ~ l : ~ ~ ~ ~  

bi - {(x?.LI.) E x :: LT] u \ ' : ~  , u )  = 0). 

'I,.IRF -[,"-i:i.s :!*~~:::ic.cl.y - i ) ~ : f ~ : ~ i ; y ~ : ~ ~ , + ~ c ~  ~;hn,(:.p of' 'i;]le fi!2-!c:-[,tc;n sjisc; 

Cer-kajn1.y 3:i' Tre bad chosen U t o  be t h e  cor~:espoi~o'.ing su.??r,pac:i: c>:? 

n 
IJc3([8,-*c9b] ;R ), the resu1.t (2 .4.) could  hzxe been ob-Ladined d.iic::.: L : i y  

froin 'the dj..ff'erelz-!>i a b i l . i J c y  co:lilii;icns 011 f and I,, But 'Chc in-- 

x~.est:i.ga-tioi; of coi?_dit.i.ons f o r  -Lbc regu1arS:i;y of the t :cailsfo~~icr,t j .c~~ 

I1 i n  probl-erri (PL) gj.veii i n  Sect ion.  3 ( t o  :f'oll.o,,;) wou?d ci.2 cia-(,c -i,Tie 

cbc ice  of -[;lie spaces X and X as -t;l;e coi-i:e:;pnndj.ng sol,o].e.,,i s;?a~::.s 
Ci 

ihiri; %he s o l u i j o ~ z  to (PL) uTiih t h i s  charrge of spaces X,Xo,: a111 h 

~ ~ i . 1 - l  be ~ubs l ;a ,~~-h ia l_~-y   MOT^^ ~ O n i g l . 5 . ~ 3 . ' ~ i i C i .  Li-liewise f o r  B rlu~rbexl CP 

probl.cms a su5t.abl.e B-space C sf' con-t,inuc~us f u n c t i o c s  (with ih-. 

noria of' ui l i f 'o~i~!  coilver.ge-ilce) -i ;u~+ns 011'~ t o  be a. p1easan.i; ckioici: You. 

X, Xo, a,nd IT. 'h'o~,<re-fey, s i:np?l e ex:::.al,le;.: of prob?.ern (P) shoi" i;hr,.-l 

s orlie discalit inui. l ; ies i n  t h e  r: ~ i ~ ~ i r o 3 . r ;  v. m:?s t be aI.lcireci. ?~Ic)r i.o-\.iiy 

if %he s t a t e  spaces X a n c l  X: al ,e  spzces of con"i n-UGUS f'unc:i.ri.c,r!,s 
C i  

C, 'ihen tlle regu.la:r:i-ky concil.tiol~ ",i.!ai; >rjl:l.  be need.ed on H ( s c , e  

Set-L:i~oiz 3 )  s\:i13. noJi8 ' i iz -t.ti~e . I ) . I n  eff ec l; -i;jiLs rep;til.:i-r,? cy 



C 0 L i i j 1. fh3.t.'~ ;< a, C ,:!:!: [,;-I,? r!, '~,;,j>:; c:? " (: uii]z>a [,j.~l.~:i.~l.<.-~;\rl' 

- .- spac:f.::: .)i.'X.o.J 811d U , i i . 7 ~  C ~ C  1101; C:].;I<J~~ .i;hai. ;7c>:ii~ o.l;jJc>:r ~ h e ;  CC::: 0:' 

space:' X,X:o,I I1 co~11.13 iio.t, ul.:c- I.ec.(3. .to a cc;y>:i;ec-L ~~:/ll.':.:i (31-! !;o fi;~.\ ,, - - 
/ i 

bu.1, i-i; dnc' s a j q e  a?- i::? 2 -1, -Ll! c 1:: c)i- e <I:!, le s 3: c omi-,l_e-I; e n 3;i:,-i ].:re n.C -i'r; 

solu-t :i on .Lo p:ioI.?l.(:!r~ (I?!:) we awe al\l.e li,o oh-';air) us 5 . 1 3 ~  -i;llc. So??r,:i cv  

,:I. ?,12 .$ 1 _ n s s  ( c  ( -  ) f o r  ' h e  st3,'~c. spaces !( m i 3  

X respcc-b:i.vc::l.y and.  using ii, con'cr.ols iiozs oi'fe:r seine f ' ~ ! , r i . : ~ x : i . j -  
0- L- 

str-,ong suppai.-t, for ol~.:~. choice 3: spa.c~s . 



=- ~ h e ~ ~  D ~ T ( ~ )  i s  defined it] (2.7). Now (xyu) is a jregula:,- poi!-~:, 

of %he i;x.a:lsfo?-matim H in (2, l i?)  m e m s  "c1la.t the bouilciec? I_j.i;i ;:I. 

o IT1 (x,u) X >: U -> X x X i s  sur j ecJc.i_ve. The ~ilappii;? 
0' 

in (2.9) has Fx eche-i; dei..-iva-l,i:ve gfiven 3y 

r i  
",A. .,,. . 

~ . a ~ i . n g  adva.ii-La zc-: of (2 . 6) and. (3  .2) j.t f s no-bed. thal; (x, u) ~ : ~ ~ j _ ~ - L n .  . ) 

8, T C < ; ~ . L ~ T '  p0il?t ~f 11 is equivaleln'i, to the f ol.>.owing cc;rli;:t:o]_I_z.:::i! 5 L;. 
-%.n'"..,-<.~*e.-.', ' ,~- *-,. , ,'. 

! \ 3'6- each c1ic.i.ce of (y,'r,) c X x X there  :i.s a;, (,I! " 1  
CT :: 

X x U su.cJi ?;hat. 



. . ., . , , j, ] ) -LC) S ~ : L  c:? j{ 7 : i  . - 0 )  - 0 a m  A(,[, : 

A,( -.. i i ) ,  'L < - .G ,  I)C?f<.17(? 

Tlicil (j .3 ) can be :i:ev::rj.-L-Lm 21 s 

* ,,- -., 
If (x, 12) is a regu.l_a,r point 0%' K, t hen  t h e r e  is a v c- U ~i:.i?-. -tild:-i; 

(3.111) 5s sa t - iaf ied .  I-Ience 

l l i e  eq-t~.aij.on (7, '6) mus-t iia,ve n s o l . ~ i i ~ i i  v t i ( lb-aJ'o],  dn) fcx ~ i ~ c ~ ~ ~ ; :  2 , -  

a.di:r!?issibl.e c l ~ o i c c  of' [ of' the  :rorr~> (7,.5).  cii ?rite~-,,va..1~ [-k.~.-~~~'~)j 

functj on .t; l-> :; (t) j.s an ae?,i -ll-ra~y L2 Ymcijan . It eas 3.1.3' icl-.i o;..;: 

rr~. il . 
tbat -the ma.pp?-nz 0: 1:; ([.t?.-ci,bj,]? ) -->I,, (['b-cr,'i)],K j c?ef-i.nc:i'i. 'r)y 2 2 



n .:-. 
for E ([b-c;; b], R ) . Chrcse Ikic natu.ra,! basis el> . . eTl 

n I? , and consider. these v-~c<,o~-s in iln as vec-tors in I,,,. ( [ . k~ -c i -~  I-::!, yy) 
2 

?', 
in the o'O-.~ious way .  Then there exis-L El-' • - - J  5, E TJ2 ( [ b - c i , I ~ ] ~ R ~ - )  

such ti1si 

,, 1.. , (qQ'-)-J. j-i- al-sc a holmled Sjnear mapping. By Fiolderl s i.1 



3 s irz;-I. $.e:r':i.ned. a . l ~ ~ : o s t  -veryi:ilc:2 o;., [ b - ~ ~ ? ) ]  i ~ i l d  :i.s 5.n:Lcgr;ii):l.c GI-! 

[i)--a, b 3  . 
r i  i h e r e  is an i~n.:c!cd.i~;.:i.e par.i:i.al col:ivers: t o   his rcsuli:, . 

8 ,  

F ; q i l  ,cis c: -i,).3s:~., Q, (.[-,) Q-! (.t,) 5.s < .yj.,f,? 1.- I, j.]~,? p z,] ptj~-!~, e.~;.c;p;t-\,d) $2 !- c: c,:-, 
.I. ' _I. ' ' 

bmd. SL;.~~C>S c -Lhe 17unc-t ion in (3 . 3 )  2.s .i.n.i;ce;rab.?-e oi l  i;he 3.n i;~ir.-~;.;:.:\. 

[b-ci,i>] . Let x(%, s) ?se t h e  fu.nil.arnen-La]. ma,t:r-j.x for the ?ic.;cno~;c.~~ico~ is 

eu,uaJc,:i.or! cc?rrespond.:i;ig 'GO ( 3 .  h ) ,  i a c . ,  X ( t ,  s )  is an n >< -i! rfi. ~ ~ b : i . i  

such tha,-L s E---> ~ ( t ,  s )  , s < 1; 5.6 the a,l~soI-~~i;e:Ly- continuo-us sol.ui;i.r?i: 

t o  

( t  ) = 1 = x r id -en t i ty  raatrix 



-Y ( ( i  ) - 2 . c .  on [;,4b..(lj. 
1- 9 

and so 7 2: C) con.tr.a:rJ~ to o ~ _ r  a ~~ l~ i i , p i : ' i . c )~ l .  S5.11,ce th .e  n~a,'ti:):jx (5 ,, :I.[)'; 

h a s  raiili n one car1 :;i.l.ect a sir:i:lii?,:ie 7 r; R~ S U C ~  -Lha,L t l ! ~ :  f~ . l - . !~ i , j  (::I 

~*>ij.?_.i. pi-~?.;id~ a s ol-t~l.;i 311. on i l -I  e .i.r,-tr:r.vtll.. [a, b- U] .LO ~,?ICZ! d.5.K~ .;c:; :-IT .i.:~,? 

equatLon in (3 . h - )  sa'c.i.sfyj.rig -Lhc bound.t~:ry co;lciiti.olis 

T'3.i . ..., ., fol.!_o~~si at once f'i-e:n t h e  v a r i a t i o n  of p~rainz-Lers f'o3:rrd1~ ['i/; 

x-;g. 561.1 a n d  i.lr!i- f a c t  tha-i- 'ilic. r,~a-l,-r.S.:; in (3 -1.0) 5.s I~ivci:i;-ib'le, ?,!(?:.i 

t l l y  ? . c ' s u D I ~ ~ ~  O ~ I F  011 Q. aesu3:e :I.:: i,l!a.'c, v can be esi;e~id.cd to a-:, 
d- 

j I 2  
i'uiic.-Lion on [ a ,  b] 1:) ci.;cj? 21 '..ir:y to ~ S ~ : - , I T ? E )  (3 . 6) (811d k r  i.,;'(? 

. , I )  - , I  { t i ?  / =: ( ' , ~  1.. ,:,, ,, -b -. o. < t < 7,1 fc1y a.rl a , p l , ~ , l ~ j ~ , - r ~ . l - ~ L ,  .... - 
, 1-1 \ chu5.c- of' E ,) (g? ;-I,;:: a botrndL\6 j .~-~\ ju .ys ;?  2)s : ; c ; g L ; '  / * 

I , .  - rzt: j l c 2 7 2  T,-!:C~::C 13 l : , j ~ ~  i.oj : I . c I ~ ~ . I - , ~ - ;  :I. ~ ' j l ; . . ~ : . ,  



:,: :r (- , x J a )  - :. c ?: x '(l is a :i?egul.::~-r j?ol.r~t c,:f -Lhc 

, . -Lio?l If i I ( )  I 1 :  : , ' ~  Q. (.b) t ,  1 . 1  7 .  :C'~I.; 
-1- 

3 . 2 . -  I .  i [b.-c, I;] ( s o  -i;hn.t Q ( t  ( i s  :i-rivcyt.'.?~:l :. fc; ,. 11' .. 
1 2.1 

0 c. 

nro-i a:).:? , 1 . .  . i ;  : i : - l , r r - - ; -  - .  i l L c L > ~ ~ . c t > l . - ? ( .  c : '  
J . - 

[b.-ci413]. P:Ic>re~.~e:r~ ii. -ihc in~:-i.i::i:)c: Q (L) has r3.n:~ n a , - e s >  c;ri [:1.~3:1 
L 

a,nd i.f t h e  .P-u-nc:.i,i.on i i3 (3 . 9) :i.s 3 ~ i i ; ~ ? ;  L.P,I~!.~ ~ r i  [ % - . c ~ >  .b 11 t?!.c;r). I':;> i : 
> ,  

i s  a reeu.i.?--i: p0:iLn.t of' t h  c: ir;~~~s:?on;:r:, t icn 11 , 

the o the r  hand f o r  ,:~z:rficri.ency 5n t1.1e t5nle clepzndel~-k case one c p r  

cI_c:ifly r e l a x  .Lhe z,ssu,irptions on ( )  on, ';he Lnterval  . i.o 
- - 

any ass~npi ; io? i  assu.i.,:':ng -i;l-rai; the nti"i:ix i n  (5 .10)  h a s  r;3.n1', n - L ? ~ ~ L c . - .  

by gu.aran-i;eejng the exj-stence of wi I2 con-trol  v suc?~. -i;be-i; -1.!.1:3 

d5.ff eren-lia,l. e;cy.;la4iLoii in (j . l l )  has a s 01-ution w i t h  bo.und.ti.l:y co!,5.!.:,3.cji-:i 

(3 I .  (cf., [22 ] ) .  The corid.-i.t.:inns Tor r egu le . r i t y  of  il a r e  il-1c.n 

the ana.l.ogs of corresponding ~ e s u l t s  foi. ordj.ns.ry c o n t r o l  :gr 

. ,  [17, Pe. 2361. I f  t h e  rjghi: eind con,d.lt iol~ jn (I..:?) i.nvo%ved a- pc:w-: 

c o o s i r a i n i  x ( b )  -. r E R~ 07 more genera3.l.y o(%) = yfi:klerc 
I 

j~l-tei. grobierri a re  e a s i e r  t o  oB-La.ii>. Tie expected connectj.o!>:; :.;< 1-2 



a. e . ,  on ja,b-u], axd. ihe:vc j s a f-i. E X such -t;ha.t 
C 

( L )  - ( b )  b - a < .t < b .- .-.. 

is abs3l.u-Le1.y con-Linuo-us and s?tt-isjnj.es 

..> - -.* 

(jg2) -b(.b)-'.= (T),L(~~X(~;)~~~(-~-,)))~~~~(~)~~D~(~~~(-L),~~(-~-,-.~)~I~.(~,)~~(-~-~~)) 
I 1. 

a.e., oil [b-o:b] and 



.. . . . ~-- 
(M~,) -!- 71 (~I . , - ; - r~)~x~>~,~:~ (i.1 rc j  (-i>:-pc) > ' -$ -~- , ,~ f -~ -~~-  j 11 (JL,.!. c c )  ; i ( .b , )  j 

== 0 a. c., oa [s,'u--i:j, and. 

1'. 
( I  ( ( ( t  ) ) - 1 ) . f ( (  j ( t .  ) ; j . j ) - 0 

3 - 

( 1 ~ ~  ) 
a..e., on [?s.-.i,b:I, 

for every h c X and v E U. Usj.n.g t h e  noJiation in (2 .7) thci  re;:^.] i. 

in (14.. 1) y5eld.s w i t h  t h e  a.id of (2.5) (2 .:I.) and. (2.6) t he  fol lmi i  n;: 

two e qu.ai; i oil s 



('11 .?) 
-I- ( -, ,, (L- ~), ' i~( i ; ) ) jd .L =. 0. 

4 

a. e . , o:. [a,, b--0.1 . We mag,  hcr!.ccfor.-i;h, 2ssun.e -that X is ac-i?-a~1.:.5~ 

absol.ul;e!.y c o ~ t .  inuous on [ a, 5.- c ] an:? 

a,. e . ,  or1 a b -  . Kei;w~? ns.i.7 'GO the sj.+;.uaiion in (4.2): but -LIli s 

.I- .. t a k e  h<.t;) - O 011 [a-o,'b--o] and wc. ar:r-jive xi; 



n then .  .thei:e :is 3, vector K E R ~uc1.1. -LhaJi; 

- - a.e ,, on ['b-o,b] . Therefore, p(-i;) may bc assumed aGso.l.~~";~l~~, c ~ ; , . .  

tinuo~ic on [b-a,b] and 

?'his iil~o step proce4-~:1:e I.eaci.?'.ri~< i;o (li.. 6) , (ir.. 8), 2,n$ (i!.. 9) m,:i I . -? . !T~.  

a possib1.e aj:ili?:'.gu:i'~y rin %lie assi.grir;?~cr;i; ol a val.ue to a -  .Ls L, -. CJ' 0 

Bor.:ev-r, frow. (11--2) Ire see -tha.'5 

b-a 
(4.i.0) J [(~~T;(t~),h(t)) -. ( ( I I ~ ; T ( ~ ) ) - '  ~ ( k )  4. ( ~ n ~ ( ~ ~ - k c 7 ) ) - " ~  i ( -L - i5 j3b ( - i , : ) j  

L a 



h. The:) an ob.vj.ous lirriji;ing process Leads a,t once to 

PinsLl..lyJ i;i?i-17.Ln.g to eyLla.-Li.on (& .3) (va i - id .  for v 6 x i )  i - i r  
8 

i-s n.oJ~ed t h a t  -this equation csn be -wrj.tten a.s 





where cp arid $ are f i x e d  f'u:nctione i n  X . Let  t k e  c o s t  Yi;i-!c- 
cf 

k i o n a i  J i n  (P) have t b e  s;)erfi~]. i'on-i 

m 1n . . i =- 0,1, and U-1 [a,b] -> 2 ( : ~  , I ? - )  bc conSrSnuous. Th.e tr.ans:?o?~:r.;~~ot! 

0 Dr ~'(t.) i s  pos i%ive  semi-ci2:i'i-nji;e for edch t E: [a,S],  Let f : . x 

0 71 - R -a I3 be con:;:i.nv.ous, a n d  I-E:~; x 1 3  f (x, t), x E PI- be ccnt ic . r ;o~.~~l .y  

dif f ercn"c.z,bl-e an6 convex fc:r ea,cli t E K; t h e  co~vex - i t j r  '30-il'3.i-Li rx? 
..~l~.--.----sl~u^_^ --.YX .-.-,---* - --,- .--.". --.l._--.--llll- ----.-* ---*- 

1 D -a X? 
2 -  denotes  thi: vccto~ space cf a1.L 15.nea.r rnaplpirigs frc':~: li 

j RC:'. witl-r. a su:il;abl.e nor-in . 



.,fO 
(3  - 3 )  (.(,.-&.. (x, -ti) z - .x )  .. c: . I -0 (z, i.) - 1 -0 (x,t), 

i.s sa-Lisfied. Thcn t h e  fcl.?Lo-c:i 1 7 ~  c:onclusj ons ktol_d: 

( gl.obal!-y) . 
(c) Let @,u) E X x iJ satisfy (5.1.) and (5.2). 11' furic- 

n tions p E Xu, 7 : [a, w) -1 I1 ex%st such that 7 is absnl.:ute:l.y 

continuous cn [a, b-01, 

i.s al2soj.utel.y con-ti~iilous, and such that the foJ_l.o.i.;-i.ng condj.t:ic?r?s z; .e  

f~ l . l f ' i lk !d :  



A'. 

($1 ~ ~ ( . ~ . ) i < ( i ~ . j  -1. fi" (-b., (.b j 0 
-1- 13' (I;-!- 7.) ,q ( t - i - ~ )  F 0 

1 

a . e . ,  011. [a,$-TI, and 

a . e . ,  012 [b-~,b], t hen  ( )  :i.s a global- s o l u t i o n  t o  tht .  p ~ . ~ ~ ? j l o - ~  

(P> * 

Remarl: 3.1. No-Le -Lha-t even vLl.e!~. co~iclu.sions (A) and (B) a r e  s a . ~ : j  s -  
.--.-.-..-.~-*~v.7.-p,",h"--- 

fied choice  of q aud  !.I. may n o t  b2 u n i q ~ ~ e l g -  deterininid by (I;) 

through (TIi.) a.nd (5 .I), (5.2) s o  eorne suf f ic ien l ;  condi-bion a s  i n  

(c) i.s 1-ieed.ed. 

Proof.  Sta,tem.elit (11) i s  a:l i ~ ~ ~ l e d i a t e  consequence of stand.ard 

prope:rtj.es of l i n e a r  systerns and 2;?-1e s t r i c t  convexi ty 01: func-(,<.on 

S in. t h e  v a r i a b l e  u .  Tlze assunyi"l;.ons i n  (B) a ,d~ i - ' i .  t h e  goss:i?ii.?.i-1y 



Thi: special .  f 01:i;q. oL' the  i n - i e ? ; ~ ,  i'or J . )  t e l l s  u~ t h a t  "i,;?e set; !.in:::: 

-.- 
t o  s u E U. One car1 easi1.y -\rer:i.;?y -i;l?g,,,t t h e  sequence v : t b-?u  (-L..:L) 

n 11 

sponses x t o  t h e  cont:rols u must, converge poin1;wice t o  c .?rlric'i;$.o-r! 
n n 

. <. -- 
x E X which. i s  t h e  respouse Lo conirol.  u E U .  Ac1,uelly one c.01 13 

*- 

show t h a t  the  coii.-cYerp;ence x ->x i s  unif0i.m or1 [i),,b] [ef. 2231 
n 

but t h i s  s t r o n g e r  r e s u l t  i s  P O L  needed h e r e .  Using Fatoll' s I c" 1" at15 
b 

the weak Lower sc;lli-con-Linu.:i.ty of' tlie f'~nc:Lional_ u !-> (i~(':) Ji. : ( -L) l~ ('L)) 
a 

( s e e  ~16, pg. i23 I), it i'o.l.lows s . t  once th.a , t  

- --,. 
and- x,u s a t i s f j r  (5.1) and. ( 3 . 2 ) .  Therefore,  J@,;) :- m, T'r3.i.c 1):-ore? 

- -- 
L e t  x,u satS.sfyj.;,.s i h e  hss~i_rilpb:ions of pa,ri; (c) be ca.3.?:-:3. ye-- 



-.P8- 

i n  
0 ' 1 X [ ~ , ? d ]  ---:I? .. '-- Ohi 

1- 
(7.3) J;?(,J.;-~) =: -.  2 ( ~l>JV(~c,)u.) .- (~T:(-C.)T] (-!;) ~ y ( t - ~ - * c ) ~ )  (1;-I-ZC) ; I , )  

2 .. 2 
N'oi..: &-_,%? 3 u -= -]\I (-b ) a:-d ' I .  ) t ) / =: 0 a. e , on [ a, 1, 

fo r  eve_r.r)i u E IT. Wi-Lh a 1:i.t;'i:i.e j ~ ~ g ~ : l . i r ~ g  onC can shoi\i t ha t  

0 for LI t: U (recall-  tha-i; u(z) = 0, a - 7 < t < a). Define x (t), - .,- 
a. < t < b to be the absol-utely con-Linvorcs sol~-tion to - - 

.- -- r"(x!t),tj -1- L (u(t),~(i;)u(t)), a.e., on [a,b] 

(3.8) 
0 x (a,) - 0 

where (x,u) E X  x U. SLI,D:IOS~ (x,~) E X  X U  satisfy (3.1) a n d  

.-"0 
and su.ppose x (t) d.enotes tlie sol~i'iiion of (3 -8) when (Y,;) 5 5 zxl?)- 

s t i twteci .  f o r  (x,u) 0x1 thc ~-i.ghi-, ??mG si.d.e of (5 -8) . \Te ~,mii-i. -to pi-cv:: 







i n  pro'ulcm (P) ~11.73 j ec-L i;o t h e  crfioc1.b-ness hyL3:;-tl!escs of Scc-l;io:: 2 z,~...? 

growth cond-itio1-!.s (2 - 3 )  . Then Gef i n e  

and j.11 l'heixrem 5 .1  (c) replace (N~) a,nd (N ) with inequai  i-ky (:j -6) 
5 

1 0 
(of course  - (u.,l!~(t)u.) i s  r cg l aced  by h (u., t)) . \?it,h thc:sc p:vcj- 

v i s i o n s  o n e  aga,in ob ta ins  t h e  va1.id.i-Ly of s u f f i c i - e n t  condi.-i;:'ioi? 

Theorem 3.1 (c) (cf . rl.5, pg . 311-11 an& Example 5.2 bel-ow) . 

Excmple 5.1. Clonsid.er t h e  scalar systeix 
---",.-.--.*.".~**---s-..*,..".%.~ 

with  c o s t  func t iona l  

and. control.  set U = L2[0,2] . Pro'oI1~rti (P) f o r  this fxi1nip1.e thrsis s'l.,<:d 

in [11] f o r  8" arb-itra-ry i n i t i a l  f~mci;:'!.or 
=xO* 

Here we c0g.s;  dry: 



oi11.y -Lhe spec ri iil- cns: c (17 ,. :I.!I j . :?l.-i.s L ve ;~>o?~:-i.t-, ou-L -l;i-ra-!, -Lhc suII L.-t i tr.1 

-... . -. 
t o  -tl-l:is pr.obI-~~~~ :i~rtvol..ve:; moi";: - t l a , ~ ?  ;rlere:l:gr Ti'in6.in{l; x u  vbicij 

rcplacf:d by ( 1  = 0  h he ze;-0 I c "~ i .~ l .  can then he main-Lainer. G;? 

1:1.,2:1 'by v s i ~ ? g  ) = ( ' L . )  a- 2 )  T31j.s procedu.re yyii:,lc;~r. 

an ini:oi:.rec-L sol.11-Lit:? -Lo t11c problc~rl , Ho~ieuer,  t h3~s  pr~bl.e;r, c ai? ti: 

scl:red. 'by s%sl-lcixrd ~~ic~t l iods  [ 11 by t1:~nslr.o~~3,n%:?g t h e  or ig ina l -  pi- ~b?.c:  1 

j.::-!;o tiic j:'c?.l_:l.o~rj rig equ?val.en-t p1:,i?ill.~jii : 

!l'liis s:impl-e problem was chosen s o  -tb.a'c it cou2.d be solved. b y  two o.-;.:i?-- 

ferei1.t me-thods andl permit  us -to check -!;he vaIj .d.fiy of' Theorem. 11 .I.. 

- r We presen-i  o n l y  t h e  so:i:~.tion t o  p:cobIa:: (P) f o r  (5,1_4) aid (3 ..:>) V P S  :lg 

t h e  r e s u l i s  of' th3.s p a p i .  p l y .  e n  (5.1 ( A )  (B) ( j  t : s ria, 

di.:Ef j.c?uli; t o  sh.01~~' t l l e ~ e  :is at i e a s t  one a&nissi.blc p>a.:ir (x, u) c X x 



-; ( t -2 )  t h e r e  = --=-----,-.-.-".-.,---n--s-.-w 2 , 1 < t < 2 .  Now si?l.vc - 
the  d i f  i'ernntial eq;naAJi,ion (5.114-) with the  two bouiidary condil ; ic~?s.  

One f i n d s  that f o r  1< t < 2 - - 

The cc?:npl.ica,C.ed. in'cegral cq11a.ti.o-n actual l -y reduces t o  an c , r ~ . i l ~ : i ~ ~ y  

d i f  f 2rent;i  al. equat ton  



Usin2 (5.16) w e  ge t  

-- 
and s o l ~ r i n g  (>.lit-) 9ril;b this u we find. 



:ilh c c):r.ei:n. lj . 11- (c) a.ppl_ ic s -to give tha-i (x? C) o.bov e i. s illdf!cd. - ~ k i  :' 

opt  il112:L SC)!..II.~-~OI~. -LO our pi.o-i~I.em , 

L C  5 . Illii s exa~np?,~ 5 ; a l s o  ci' t h e  c :impl_ec.l 1;ypc.) and i.:: >; -;.!22,3. 
-,-, "n - ", ,.,, . r-c-.c' .--.- 

a-b -i:Ll.usfira-ti in&{ 11oi.i n pro5l_c_ni i!i-Lh a.11 acidi'ticnal controj.. cc;,l~i,:..~ :,--: 

1121 < I can be disqatched by a sJcaniiaxd device .  Take 'ibe scu:l::1: . ." 

witti c o s t  function.a.1. 

2 2 
s i n  v 

J (x, u) = I -- ---"---" dl; . 
0 

2 

Suppose t h e r e  i s  an opiimum sol-uti  on 6,u) t o  p r o b l ~ ~  (P) wiJcll (3.1-8) 

and (5.1-g), then  Theo~er i~  4.1 says t h a t  

...- 
cos v ( t )  (sin F(t)  -t ( t )  j =: 0, 9 < t < 2. - -.- 

FJi'ih the s u f f i c i e n t  eonc?iti.cn of He~i~a-rk 5 . 2  i n  ~ ie i , s j  5.L i s  seen tj-13.i 

choice  of  5 s o  t h a t  



R e m a r k  3.2. 'i?il'~.s i-i; i s  no?$I 0nl.y a, d i l i ? s t T ~ i l  of solvri.ng the cc:gnpl.<c.i,,-[;d 

-- - - 
t h e  op'~i~nl~-m so1ut.i.on x, u = s i n  v i s  given by 
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